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determine certain lower and upper bounds for f 2, while those of Type II, together 
with the conditions that the range for ^2 shall contain positive values, will con- 
stitute a system of linear, homogeneous inequalities in ^3, ^4, • • • , ^m- 

The process indicated can now be repeated, the ranges for f 3, ^4, • • • being 
determined successively, each in terms of the f 's of higher subscript. After the 
first (r — 1) ^'s have been thus eliminated, we are met by a system of conditions 
of form 

m 

(10) 2:aA">a>0, 1=1,2, •■•,lr, 

where the coefficients a^^'^ are rational functions of the differences Aj — Bj^^ 
This system (10) may be classified into Types I, II, and III, according as the 
leading coefficients ar^''^ are positive, zero, or negative. 

A necessary and sufficient condition that there exist a system of weighting under 
which A wins, is that at some stage of the process of successive elimination of the 
variables ^t described above, the inequalities of the system (10) presenting itself 
shall be all of Type I. 

To show the necessity of the condition, we suppose that the system of condi- 
tions presenting itself at each stage of the elimination contains inequalities of 
Types II or III. Since the elimination of the ^ of lowest subscript from such a 
system leads to a system of conditions upon the f's of higher subscript, it follows 
that under our assumption, the successive elimination of the ^'s will lead finally 
to a system of conditions 

which contains only^m- But according to our assumption not all the coefficients 
am^'^ are positive. Hence the system of conditions cannot be satisfied by a 
positive ^m- 

If, on the contrary, the inequalities (10) at any stage are all of Type I, they 
determine only lower bounds for f ,- The variables ^r+i, ^r+i, • • •, ^m can then 
have any positive values, ^r can have any positive values greater than these 
lower bounds, and positive values can be assigned to f r-i, ^r-2, • • • , f 1, in order, 
satisfying the conditions imposed in the elimination process. 



BOOK REVIEWS. 

Send all communications to W. H. Bussey, University of Minnesota. 

The Continuum and Other Types of Serial Order. By Edward V. Huntington. 
Second Edition. Harvard University Press, Cambridge, Mass., 1917. 

It is to some extent customary for younger students of our subject to cultivate 
skill in the use of great mathematical doctrines without perceiving the logical 
setting, in mathematical and physical science, of the complex and real number 
systems upon which most of these doctrines depend. /And, indeed, we can all 
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recall a time in our studies when "rigorous foundations," kindly supplied by 
Dedekind and Cantor for the arithmetic theory of irrational numbers, were 
hardly short of puzzling. Our admiration for this beautiful theory was tempered 
if not attenuated by our inability to discern the raison d'Mre of such constructions. 
Everywhere in the current texts we found, to be sure, an explicit formulation of 
the fundamental idea that mathematics, as a scientific method, is the postula- 
tional theory of abstract systems; and that its relation to other branches of 
science consists in the possibility of applying these theories to the elucidation 
of mechanical, geometrical, or other systems presented in experience; an applica- 
tion conditioned solely on the validity of postulates, and the existence of one-to- 
one correspondences preserving certain relations. But foundational ideas meant 
for us little more than they appear to mean for a few professional philosophers 
who frequently publish lengthy criticisms of mathematical method. We were 
unacquainted with studies made by Veronese, Hilbert, Levi-Civit^ and others 
in the foundations of geometry for ordinary space; and evidence was over- 
whelming that the number system and the "continuous" line of points which 
we had used interchangeably in analytic geometry were ordinally and otherwise 
equivalent and inseparable. In fact w^e should not have regarded as quite sane 
the conception that other number systems of radically different ordinal properties 
might not be disqualified as bases for the mathematical description of our intui- 
tional "continuum." We did not suppose that there might be limitations on 
the minuteness of the analysis to which the content of intuitional notions could 
be subjected in consciousness. In introducing beginners to the simple postula- 
tional science of a system with order relation, Huntington at once chooses the 
best means of exemplifying general ideas, and provides an explanation, intelligible 
to all, of the delicate and difficult real number concept. 

Naturally no attempt is made in eighty short pages to familiarize readers 
with every important or interesting result in the theory of serial order types. 
A great body of striking relations and theorems given or described in the papers 
of Hausdorff, Konig and Hessenberg, in the Schoenfliess Bericht, and elsewhere, 
is quite properly omitted. But ample material is provided, both in this theory 
and in the more general Mengenlehre, to serve as a foundation for further profit- 
able reading; and excellent indications are given to guide the student in such 
reading. The cardinal comparison and the potencies of general classes are 
discussed sufficiently to bring out the most significant problems in the doctrine 
of equivalence; cardinal numbers and their relation to potencies as well as to 
finite and transfinite ordinal numbers are clearly defined. Much is here gained 
in coherency of exposition by the simple account which is given of Hartog's 1915 
theorem on well-ordering of classes. 

Of particular interest to the reviewer were two wholly unrelated features of 
Huntington's "Continuum." In the first place the book is professedly and 
undeniably available for use in non-mathematical circles without suffering in 
scientific tone; simplicity and attractiveness are somehow made compatible 
with painstaking attention to details of argumentation. In the second place, 
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the treatment of continuously ordered series, with the emphasis placed on such 
types as possess an "w-dimensional framework" is noteworthy. It will stimulate 
better students to reflect on the significance, for any analysis based on a con- 
tinuously ordered number system, of the presence or absence in that system of 
segments which are " denumerably framed." The relation of the classical analysis 
and function theory, which repose ultimately on the system of real numbers, to 
the distinctive presence in that system of denumerable dense sub-classes will be 
suggested; a relation responsible for all properties dependent upon the Generalized 
Heine-Borel Theorem for instance. For a similar situation outside of order 
theory, the student may consult Hausdorff's fascinating chapters on the "topo- 
logical" (including the metric) geometries of general classes (Mengen) in his 
Orundzuge der Mengenlehre. 

The first edition of the book under review appeared in 1905 as a reprint from 
two of the author's papers in the Annals of Mathematics. In the present edition 
(1917) the changes made include only a few modifications and additions. The 
account given of Hartog's paper is of course new. See Discussions, page 345, of 
this issue. 

Lester S. Hill. 

PROBLEMS FOR SOLUTION. 

Send all communications about problems to B. F. Finkel, Springfield, Mo. 

ALGEBRA. 

485, Proposed by J. WALSH, Madison, Wisconsin. 

Is it true that to every convergent series of positive terms, Oi + as + 03 + • • •, there corre- 
sponds a series of the type 

486. Proposed by FI.OBE1VCE P. LEWIS, Goucher College, Baltimore, Md. 

Find the condition which must be satisfied by the coefficients of the quartic, 
aox* + aix^ + asx^ + aax + a4 = 
in order that the equation may be solvable by successive applications of the quadratic formula. 

GEOMETRY. 

518. Proposed by BO6EB A. Johnson, Cleveland, Ohio. 

If one angle of a triangle is 60°, the Euler line (the line through the circumcenter, orthocenter, 
and median point) is perpendicular to the bisector of that angle; and if one angle is 120°, the 
Euler line iS parallel to the bisector of that angle. 

519. Proposed by OTTO DtJNKEL, Washington University. 

Given the conjugate axes A'OA and B'OB of an ellipse, points of 
the curve may be constructed as follows: Drop the perpendicular BM' 
to OA and produce it to iV' so that BN' = AO. Draw a straight line 
through and N'. Upon a straight edge, say that of a slip of paper, 
the points N, M and P are marked so that NM = N'M' and MP = 
M'B. Place the straight edge so that N falls on ON' and M on OM' 
and mark the position of P. This gives a point of the ellipse and by slid- 
ing the straight edge into new positions other points may be rapidly obtained. If the axes are 
perpendicular this gives the familiar trammel construction. Prove the correctness of this con- 
struction. 




